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Fully developed turbulent flow through three concentric annuli was investigated
experimentally for a Reynolds-numberrange Re = 2 x 10%-2 x 10>. Measurements
were made of the pressure drop, the positions of zero shear stress and maximum
velocity, and the velocity distribution in annuli of radius ratios a = 0-02, 0-04
and 0-1, respectively. The results for the key problem in the flow through annuli,
the position of zero shear stress, showed that this position is not coincident with
the position of maximum velocity. Furthermore, the investigation showed the
strong influence of spacers on the velocity and shear-stress distributions. The
numerous theoretical and experimental results in the literature which are based
on the coincidence of the positions of zero shear stress and maximum velocity
are not in agreement with reality.

1. Introduction

Fully developed turbulent flow in smooth concentric annuli has been studied
in many experiments and numerous theoretical investigations. Despite the fact
that there are so many results there is no general agreement on the interpreta-
tion of such basic quantities as the pressure-drop coefficient and velocity pro-
files. The key problem in the flow through concentric annuli is the determination
of the position of zero shear stress and hence, the wall shear stresses at the inner
and outer walls, respectively. Up to now, the coincidence of zero shear stress
and maximum velocity has been assumed in nearly all investigations.

Yet, this assumption does not hold in the case of asymmetric velocity profiles,
as has been shown earlier (Kjellstrom & Hedberg 1966; Maubach & Rehme 1972).
The annulus is the simplest geometry with smooth walls to generate an asym-
metric velocity profile. Certainly this is the reason for the numerous experi-
mental and theoretical investigations, which will be summarized briefly below.

1.1. Experimental investigations

In the early papers by Knudsen & Katz (1950, 1958) and Rothfus and co-
workers (Rothfus 1948; Rothfus, Monrad & Senecal 1950; Rothfus et al. 1955) it
was assumed that the positions of zero shear stress and maximum velocity were
coincident as in the case of laminar flow, although the experimental results of
Lorenz (1932) had clearly shown that in turbulent flow the position of maximum
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velocity was nearer to the inner wall than in laminar flow. The same result was
reported by Koch & Feind (1958) and Nicol & Medwell (1964). Leung, Kays
& Reynolds (1962) and Kays & Leung (1963) were the first authors to establish
a formula for the position of the maximum velocity of turbulent flow; this
position, which depends on the radius ratio, is assumed to be independent of

the Reynolds number: P—r, ("1) 0-343 \
Y\ (1

rg—7  \ry
r, and 7, being the inner and outer radius, respectively, and # the radius of
maximum velocity.

This relation has been verified by many authors in subsequent years (Brighton
1963; Brighton & Jones 1964; Okiishi & Serovy 1964; Y. Lee 1964; Jonsson
1965; Jonsson & Sparrow 1966; Sartory 1962; Rothfus, Sartory & Kermode
1966; Ivey 1965; Ball & Azer 1972). The most important experimental investi-
gation is that by Brighton (1963). The results of his study served as the basis of
numerous models for calculation of turbulent flow in annuli.

Brighton very carefully measured the velocity profiles and the position of
the maximum velocity by means of a double Pitot tube. Besides, he was the
first author also to measure turbulence intensities and shear-stress distributions
by means of hot wires. From his measurements of the shear-stress distributions
Brighton concluded that the positions of zero shear stress and maximum velocity
were identical. However, the scatter of the experimental data on the shear-
stress distribution was so great that this conclusion was not warranted by his
measurements.

Kjellstrom & Hedberg (1966), in their fundamental work, for the first time
explained that zero shear stress and maximum velocity need not necessarily
occur in the same place except in cases in which this is required for reasons of
symmetry (circular tubes or parallel plates). They verified the non-coincidence
in the case of annuli with rough inner tubes. Kjellstrom & Hedberg also measured
the shear-stress distribution and the velocity profiles in a smooth annulus. In
this case, they found coincidence of the positions because they chose a radius
ratio of & = 7 [r, = 0-446; the velocity profile was only slightly asymmetric and
the difference in the positions was within the limits of experimental error.

Quarmby (19675, 1968a) showed experimentally that the position of maximum
velocity cannot be determined very precisely by means of Pitot tubes or double
Pitot tubes. In order to identify this position, which he believes to be coincident
with the position of zero shear stress, more accurately, Quarmby used the
Preston-tube method (Preston 1954) to determine the wall shear stresses at the
inner and outer walls, respectively. The Preston-tube method was also em-
ployed by Barthels (1967), although the validity of universal laws of velocity
must be supposed, a condition which has not been justified, despite the investi-
gation of Quarmby (1967a), as Eifler (1970) showed.

Smith, Lawn & Hamlin (1968) developed a new method, the ‘sliding sleeve’
method, to measure the wall shear stress at the inner wall directly. The results
of their measurements and of further measurements by Lawn & Elliott (1971,
1972) for the first time showed that the positions of zero shear stress and maximum
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velocity are non-coincident even in the case of smooth annuli. Lawn & Elliott
used the hot-wire technique to measure the shear-stress distribution; the
‘sliding sleeve’ method was used only for comparison. Lawn & Elliott con-
cluded from their studies that zero shear stress occurred closer to the inner
" surface than the maximum velocity, the positions of zero shear stress were in
excellent agreement with the Kays—Leung equation and that there were con-
siderable deviations from universal laws for the velocity profiles of the inner
zone. The core tubes in the investigations of Lawn & Elliott were kept in a
concentric position by ‘several’ spacers each consisting of three wires. The
influence of such spacers on the velocity and turbulence distributions will be
discussed below.

1.2. Theoretical investigations

Of course, numerous attempts have been made to describe the experimental
velocity profiles theoretically. Rothfus, Walker & Whan (1958) obtained velocity
profiles in circular tubes, like those developed by Nikuradse (1932), also for
annuli by modifying the co-ordinate normal to the wall. Barrow, Lee & Roberts
(1965) offered a modification of the constants x and B of the law of the wall

wt =k lnyt+ B (2)
in the inner zone for ‘engineering purposes’. Their method gives positions of
maximum velocity closer to the laminar solution than the Kays-Leung equation.

After Brighton’s results were published, a number of theoretical papers in-
volving different methods closely followed these experimental results. Ratkowsky
(1966) extended the equations of Rothfus et al.; Levy (1967), Roberts (1967),
Michiyoshi & Nakajima (1968) and Gréaber (1970) calculated the position of
maximum velocity using the Kays-Leung equation. Clump & Kwasnoski
(1968), Eifler (1968, 1969) and Min, Hoffman & Peebles (1971) performed their
calculations by modifying the constants of the law of the wall through an evalua-
tion of the experimental results of Brighton.

Universal laws of the velocity distribution in circular tubes were applied to
annuli by Tiedt (1966, 1967, 1968), Macagno & McDougall (1966), Maubach
(1969, 1970) and Wilson & Medwell (1968) and further improved by Quarmby
(1968) and Quarmby & Anand (1970). The results of these authors show that the
position of the maximum velocity, which is taken as the zero-shear-stress position,
is nearer to the inner surface than it is according to the Kays—Leung equation.
Velocity profiles in annuli were also calculated by Patel (1973) using an advanced
‘mixed-length’ model. The theoretical and experimental investigations by Rao
(Rao & Keshavan 1972) on axisymmetric boundary layers on circular eylinders
are also relevant to the flow through annuli especially for small radius ratios.

The survey of different experimental and theoretical results from the litera-
ture indicates that the following steps should be taken: (i) determine the position
of zero shear stress very carefully by a direct method; (ii) check whether there
are deviations from the velocity profiles in tubes for radius ratios o < 0-1 due
to the asymmetry present in this case; (iii) get sufficient and reliable experi-
mental results for radius ratios a < 0-1.
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FiGure 1. Test section (schematic). 4, spacer.

2. Experimental apparatus

Experiments were performed using an open air rig with annuli of three radius
ratios a = 0-02, 0-04 and 0-1, respectively, for a range of Reynolds numbers
between Re = 2 x 10¢ and Re = 2 x 105. The pressure drop and shear-stress and
velocity distributions were investigated.

The air rig and the outer brass tube (1.p. 99-97 mm, length 7500 mm) were
those used earlier (Rehme 1972a). The cores consisted of a stainless-steel rod
of diameter 9-98 mm in the case ¢ = 01 and of aluminium wires of diameters
3:96 and 1-98 mm in the cases @ = 0-04 and a = 0-02, respectively, resulting in
ratios of length to hydraulic diameter of 83-3, 78-1 and 76-5, respectively. The
concentric position was achieved using spacers at the inlet and outlet and, in
the case @ = 0-1, two other spacers. The wires were stretched and tensioned by
a spring (see figure 1).

With the annuli with a = 0-04 and 0-02, respectively, spacers were avoided
because measurements with the @ = 0-1 annulus showed that the velocity and
turbulence distributions were not completely established 27-8 hydraulic dia-
meters downstream of the spacer. To minimize disturbances to the flow, spacers
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with three radial struts were used first. Measurements of the velocity and tur-
bulence distributions on two perpendicular radii showed considerable deviations.

Further measurements with the spacer rotated showed that the positions of
zero shear stress and the velocity distribution varied with the spacer orientation.
Different orientations of the spacer caused differences of up to 1-5 mm between
the measured positions of zero shear stress at constant Reynolds number, where-
as the measured positions of zero shear stress at constant geometry were repro-
duced to within + 0-1 mm. The velocity distributions on different radii showed
differences of up to 3 %, at the same radial position, whereas the maximum
difference was 0-8 %, in the cases without spacers.

As it was impossible in the case of the 10 mm rod to run the experiment with-
out supports, new spacers with four radial struts were used to generate equal
velocity and turbulence distributions on perpendicular radii for symmetry
reasons. Of course the disturbances to the flow caused by the spacers were not
overcome in this way.

The mass flow rate was measured by means of an orifice plate. The velocity
distributions were measured by means of Pitot tubes (0-6 mm outer diameter),
the turbulence distributions by a DISA hot-wire anemometer. For comparison,
the wall shear stresses were determined by Preston tubes using the Patel (1965)
calibration. For details, see Rehme (19724a).

3. Results and discussion
3.1. Bases of evaluation

All results were computed on an IBM 360/165. The time-mean velocity u was
calculated from Pitot-tube measurements as

u = (28p[p)*, (3)
with Ap the differential pressure and p,, the density of humid air. The velocity
measurements were corrected for the influence of the wall according to Mac-
Millan (1956) and for the influence of the turbulence intensities according to an
equation of Eifler (1970) based on the measurements of Laufer (1954)in circular
tubes.

For evaluation of the hot-wire measurements a method developed by
Kjellstrom & Hedberg (1968, 1970) and tested by Durst, Melling & Whitelaw
(1971) was adopted.

The pressure-drop coefficient A is defined by

\ = Ap[/AL

%ph a7271/dh ’
with the hydraulic diameter d, = 2(r,—7;), and the Reynolds number can be
calculated from Re = p, i, d, /1, (5)
where 7,

., 15 the fluid velocity averaged over the cross-section, calculated on the
basis of the measured mass flow rate, d, is the hydraulic diameter and # the
dynamic viscosity.

(4)
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Ficure 2. Symmetry of velocity distribution. @ = 0-0396, Re = 1-99 x 10%. Inset shows
radii along which measurements were taken. O, z = 0; A,z = 5 mm; [, = 10 mm;
@, z = 15 mm; ——, average of four runs; Y4 measured from outer wall.

3.2 Symmetry of the velocity profile

It was assumed that the flow was fully developed, because the length-to-
diameter ratios were higher than 76. To test whether the flow was symmetric,
velocity profiles were measured on four radii located at right angles to each other.
As an example, figure 2 shows the results for the radius ratio « = 0-04. The
symmetry of the flow is excellent. The maximum deviation from the mean value
is 0-8 9, i.e. the velocities on the same radius agree to within +0-4 9.

3.3. Pressure drop

The pressure drop for the flow through the three annuli was measured over a
length L = 2106 mm. The pressure-drop coefficients evaluated from these
measurements are plotted in figure 3 as a function of the Reynolds number.
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Ficure 3. Pressure-drop coefficient vs. Reynolds number. O, & = 0:02; A, « = 0:04;
0, @ = 0-1; ——, circular tube, A% = 2:035 log,, (Re A) — 0-989.

For comparison, the pressure-drop law for circular tubes as given by Maubach
(1970) has been added:
A=t = 2:0351log;, (Re A¥)— 0-989. (6)

The following conclusions can be drawn.

(i) The pressure-drop coefficients increase slightly with increasing radius
ratio. This is in excellent agreement with the theoretical dependence obtained
by Eifler (1968), Tiedt (1966, 1967, 1968), Maubach (1969) and Quarmby (19685).
For a Reynolds number Re ~ 10° and a radius ratio & = 0-02 the experimental
pressure-drop coefficients coincide with the circular-tube values; for « = 0-04
they are about 1-1%, and for o = 0-1 about 4 %, higher than the circular-tube
values. It is interesting to note that the dependence of the pressure-drop coeffi-
cients on the Reynolds number in the cases o = 0-04 and & = 0-02, respectively,
is slightly different from that for a tube. This may be due to the fact that the
flow is still in a transition region in the case of the two lower radius ratios in-
vestigated.

(i) The conclusion drawn by Lawn & Elliott (1971, 1972) according to
which the pressure-drop coefficients of parallel plates are about 59, higher
than the circular-tube values obviously proves to be true, especially in the light
of theoretical results. The further conclusion of Lawn & Elliott, that with
increasing radius ratio this upper limit is reached from higher values, is proved
to be wrong by the new measurements.

(iii) The dependence on radius ratio of the pressure-drop coefficient with a
maximum value for o = 0-6 as elaborated by Barthels (1967) obviously is as
incorrect as the dependence given by Davis (1943), who came to the conclusion
that the friction factor decreases with increasing radius ratio. The experimental
results recently published by Ball & Azer (1972), which are up to 30 9, above the
circular-tube values, undoubtedly are wrong for smooth annuli.

In the further evaluation of the data the following pressure-drop laws were

used: A~ = 1-950510g,, (Re A})— 0-80581 for a = 0-1, (7)
At = 1-9177logy, (Re ) — 0-58007 for a = 0-04, (8)
A-+ — 1-8354]0g;, (Re A}) — 0-16802 for o = 0-02. (9)
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3.4. Zero shear stress and maximum velocity

To determine the positions r, of zero shear stress, the shear-stress distributions
evaluated from the hot-wire measurements were plotted against distance across
the gap.

Figure 4 is an example of such a plot. Since the scatter of the experimental
data is small, the positions of zero shear stress were determined quite accurately.
The radius of zero shear stress was determined with an accuracy of £ 0:05 mm
from the experimental data. An interval of 0-01 on the abscissa in figure 4
corresponds to 0-48 mm.

The same procedure was adopted to determine the maximum velocity. In
this case, the differential pressures measured by the double Pitot tube yielded
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the maximum-velocity locus. As can be seen from figure 5, the accuracy is very
bad for Ee < 105. This is because the differential pressures become very small
and thus the measurements are not very precise. The curves were drawn through
the scattered data by taking into account the outer points only, which are
believed to be more precise because the differential pressures are higher. Quarmby
(1968a) has called attention to this point before. Another disadvantage of
measurements with a double Pitot tube in the case of extremely asymmetric
velocity profiles lies in the fact that the measured value cannot be assumed to
be the actual velocity halfway between the two Pitot tubes. The fluid velocities
at a certain distance either side of the maximum are not equal. In this case of
smooth annuli, the velocity in the inner zone is lower than in the outer zone,
thus causing the measured position of the maximum velocity to be too far away
from the inner wall.

The results for the positions of zero shear stress f = ry/r, and maximum
velocity f = #/r, are plotted against the Reynolds number in figure 6 for the
different radius ratios. For comparison with the different theoretical expressions,
the values calculated by Kays & Leung (1963), by Eifler (1969) and by Maubach
(1969) have been added to the figures.
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Fieurr 6. Experimental values of the positions at zero shear stress and maximum velocity,
respectively, vs. Reynolds number. @, hot wire, 7 = 0; A, Preston tube, 7 = 0; C,
double Pitot tube, u,,. (@) & = 0-10. (b) @ = 0-04. (¢c) & = 0-02.

All the radius ratios investigated can be characterized by the following
statements.

(i) The positions of zero shear stress and maximum velocity are non-coincident,
as was supposed for asymmetric velocity profiles (Maubach & Rehme 1972).
The position of zero shear stress in every case is distinctly closer to the inner
tube than the position of maximum velocity.

(ii) The measured positions of zero shear stress deviate from the positions
predicted by Kays & Leung, Eifler and Maubach. The experimental data are
not as close to the inner surface as had been calculated by Maubach. Maubach
finds this position'to be at the intersection of the two velocity profiles starting
from the walls, which are assumed to be laws of the wall (Nikuradse). On the
other hand, the experimental data are closer to the inner surface than has been
calculated by Eifler or predicted by Kays & Leung. The expression found by
Kays & Leung was elaborated empirically on the basis of measurements of the
maximum velocity by various authors, especially the data of Lorenz for a
radius ratio « = 0-0526. However, both Eifler and Maubach calculated the
intersection of the two velocity profiles, but Eifler, in contrast to Maubach,
used velocity profiles generated by adjustment of the constants to the experi-
mental data of Brighton.

(iit) The positions of zero shear stress calculated from the experimental wall
shear stresses at the inner and outer surfaces measured by Preston tubes are

18 FLM 64
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in excellent agreement with the hot-wire results. At low Reynolds numbers these
measurements become inaccurate because of the very low differential pressures.

In particular the following facts can be established.

(i) « = 0-1. The experimental data for the zero-shear-stress position are only
weakly dependent on the Reynolds number (see figure 6a). The positions mea-
sured for the maximum veloeity are in excellent agreement with the calculations
by Eifler. The measured values indicate a large difference between the positions
of maximum velocity and zero shear stress. These findings can be explained
only by the flow disturbances caused by the spacers. The measurements with
the double Pitot tube were not performed initially, but had to be made after
the measurements with the radius ratios & = 0-02 and a = 0-04. This, of course,
necessitated reconstruction of the test section, which may have caused devia-
tions of the geometry, especially of the spacer orientation, compared with that
for the shear-stress measurements. Further investigations of this point were
given up because the measurements for the radius ratio @ = 0-1 are not as
significant as the measurements for @ = 0-02 and & = 0-04, because of the evident
influences on the flow distribution of the spacers.

(ii) a = 0-04. In this case (see figure 6b), the positions of maximum velocity
and zero shear stress do not coincide, but the difference between them is smaller
than in the case @ = 0-1. At a Reynolds number Re ~ 10° the difference between
the positions was A = 1-6mm for a = 0-1, i.e. relative to the inner profile
length ! = 12:8 mm it was 12-59,. For the radius ratio a = 0-04 we found
that A = 0-8 mm and with /; = 10-6 mm, a relative deviation of 7-59%,. The
dependence on the Reynolds number of the positions is similar for both posi-
tions and stronger than the dependence calculated by Eifler and Maubach,
respectively.

(iii} a = 0-02. The dependence of the positions of zero shear stress and maxi-
mum velocity on the Reynolds number is even more pronounced for the radius
ratio a = 0-02 (see figure 6¢). The positions differ by about 1-0 mm, which results
in a relative difference of 12 9, with a profile length of I, = 8:-4 mm. Compared
with the case a = 0-04, the relative difference increases, as is to be expected
owing to the higher level of asymmetry.

The results of another theoretical paper have been added to figure 6(c).
Quarmby (1968b) computed the position of maximum velocity (zero shear
stress) as the point of intersection of the two velocity profiles. In contrast to
both Eifler and Maubach, his velocity profiles were calculated by integration of
differential equations by means of a Runge-Kutta technique.

Quarmby (1969) used the same differential equations for the velocity profile
as he had developed for circular tubes and parallel plates. He employed a two-
zone model. For the region close to the wall the velocity profile was deduced
from Deissler’s (1955) expression for the eddy diffusivity in the sublayer. The
velocity profile outside the sublayer was deduced from an expression due to
J. Lee (1965) based on the extension of the von Karman similarity hypothesis
by Goldstein (1938).

The curve in figure 6(c) calculated by Quarmby (1968d) is an excellent
description of the measured zero-shear-stress position. This proves also that



Turbulent flow in concentric annuli 275

1 T T | S T - — T
08+ ° -
>
06 - . -
x
| o e
o 04} 8 .
)
I
=
oot .
*
w
01 L I 1 1 1 1 ) 1
001 0-02 0-:04  0:06 0-08 G-1 0-2 04 06 08 1
o

Ficure 7. Experimental values of the position of zero shear stress vs. radius ratio.
Re = 10°. ®, Smith et al.; @, Quarmby; @, Barthels; ¢, Kjellstrom & Hedberg; O,
Lawn & Elliott; @, present results.

flows with strongly asymmetric velocity profiles and widely differing wall
curvatures are described sufficiently well by the circular-tube findings.

Simpler expressions for the velocity profile, however, such as the law of the
wall of Nikuradse, are insufficient, at least for low Reynolds numbers. The zero-
shear-stress positions for higher Reynolds numbers clearly show a tendency to
approach the curve calculated from the point of intersection of the two laws
of the wall (Maubach).

Of course, the Quarmby method is unable to describe special effects in the
flow, such as the non-coincidence of maximum velocity and zero shear stress.
However, the position of maximum velocity is of no great interest, if the position
of zero shear stress can be determined with the necessary precision.

The dependence of the position of zero shear stress on the radius ratio is
plotted in figure 7. For low Reynolds numbers this position is strongly dependent
on the Reynolds number; therefore, in figure 7 only the values for a Reynolds
number of Re & 10° are used. In accordance with Kays & Leung, the ordinate
variable is chosen as

s* = (f—a)[(1-p). (10)
According to Kays & Leung, we get
§* = an, (11)

with n = 0-343. Quarmby (1967b), on the basis of his experimental results,
found n = 0-366; theoretically, from his analysis (Quarmby 19685), he obtained
n = 0-415, for high Reynolds numbers only. In the figure, only those experi-
mental results are plotted which were obtained either from hot-wire measure-
ments (Smith ef al. 1968; Kjellstrom & Hedberg 1966; Lawn & Elliott 1971;
present results) or Preston-tube measurements (Barthels 1967; Quarmby 19675),

18-2
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Ficure 8. Experimental values of the position of maximum velocity vs. radius ratio.
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& Hedberg; V¥, Simith et al. Measurements using double Pitot tube: @, Brighton; V,
Quarmby; O, Lawn & Elliott; 4, Crookston and Crookston et al.; [ll, present results.

since the zero-shear-stress position is determined by these methods and the
results of both methods agree very well, as we saw above.

If the new measured results are considered, since they were obtained for low
radius ratios and without spacers, the exponent in (11) is found to be n = 0-386
for a Reynolds number Re ~ 105. This value is higher than Quarmby’s experi-
mental value, but lower than his theoretical value, since a high Reynolds number
was supposed in the latter case.

For comparison, numerous results in the literature concerning the position
of maximum velocity, are plotted with our results in figure 8. Besides the values
referred to in the survey of the literature, the experimental results of Crookston
(Crookston 1966; Crookston, Rothfus & Kermode 1968) are shown for radius
ratios o = 0-0318, 0-0627 and 0-1047, respectively. The experimental results
are fitted quite well by the Kays—Leung relation (n = 0-343), the line of the
zero shear stress (n = 0-386) being definitely lower than the line for the maximum
velocity. The results of Sartory for & = 0-0262 and of Crookston for a = 0-0318
are higher than the new measured results for a = 0-02 and a = 0-04. This is
believed to be due to the influence of the sag of the wires in the horizontal test
sections used by Crookston and by Sartory. Crookston used additional spacers,
which, however, prevent the development of the flow and cause disturbances
of the velocity profile, as has been shown.

For further evaluation, especially for the dimensionless velocity profiles, the
position of zero shear stress was calculated using the following relations, which
correspond to the broken lines in figure 6:

£ = 0-3864 — 0-0057 log,, Re for a = 0-1, (12)
£ = 0-342—0-0171og,, Re for a =004, (13)
£ = 0-345—0-02955log,, Re for a = 0-02. (14)
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3.5. Velocity profiles

Outer zone. The experimental results for the velocity profiles in the outer zone
are plotted in figure 9 for the three radius ratios investigated. For comparison
of the results, two straight orientation lines are added ; for the region 5 < y+ < 30

ut = 5lny*t— 305, (15)
according to Knudsen & Katz (1958), and in the region y*+ > 30
ut = 2-5lnyt+5-5, (16)
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Ficure 9. Experimental dimensionless velocity profiles in outer zone.
(@) a = 0-1. (b) & = 0-04. (c) a = 0-02.
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the well-known law of the wall of Nikuradse. The experimental results for all
radius ratios are in excellent agreement.

Inner zone. The corresponding velocity profiles for the inner zones are plotted
in figure 10. In the case a = 0-1, the velocity profile is fitted by the law of the
wall. For the radius ratios a = 0-04 and a = 0-02, respectively, major deviations
from the law of the wall can be detected. For higher Reynolds numbers, ob-
viously the profiles are fitted by the law of the wall for a larger region. The same
tendency has been discussed for the position of zero shear stress.

Comparison with the literature. A comparison with data from the literature is
performed only for the inner zone of annuli, since the behaviour of the velocity
profiles in the outer zone is quite similar to that in circular tubes. Differences
between the positions of maximum velocity and zero shear stress have but a
slight effect on the velocity profiles in the outer zones, since these zones are very
large.

Figure 11(a) shows measurements by Brighton (1963) for a radius ratio
a = 0-0625. Both the original data and the corrected data are plotted. The
original data were corrected twice; first, the data were corrected for wall in-
fluences according to MacMillan (1956) and then, for the position of zero shear
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stress according to figure 7. These corrections shift the original data some 10 9,
towards the law of the wall; the shifted data behave like the results of this
investigation. The corrections to Brighton’s data for the radius ratio @ = 0-125
affect the original data in the same sense (see figure 115).

Figure 12 shows the original and the shifted data of Lawn & Elliott. They
were corrected for the position of zero shear only, since the MacMillan correction
had already been performed. The shifted data are 6-7 9%, higher than the
original data, which had also been shifted in the direction of the law of the wall.

A comparison of the experimental data with theoretical predictions is shown
in figures 13 and 14. The calculations by Eifler (1969) based on the data by
Brighton show a deviation of 15-259. On the other hand, the deviations
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Figure 10. Experimental dimensionless velocity profiles in inner zone.
(@) a = 0-1. (b) a = 0-04. (c) a = 0-02.
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between the experimental data and the calculations by Quarmby (1968b) only
amount to about 7-§9%,. The experimental data and theoretical results show
optimum agreement for the regions close to the wall and zero shear stress. In
the region in between, the experimental data are higher than the profiles calcu-
lated by Quarmby.

Patel (1973) recently published velocity profiles calculated using an advanced
‘mixing-length’ model taking into account effects on the velocity profile of
pressure gradients and wall curvature. Patel showed that his calculations are
in good agreement with published experimental results in boundary layers and
in the inner zone of annuli for a dimensionless radius of curvature

a* > 28 (a* =rxu*v).

An exact comparison of the new measured data with the calculated profiles of
Patel is not possible because the relevant computer programs are lacking.
However, since the pressure gradients were low in the experiments the results
can be compared with the calculated values for a thiok boundary layer on a
cylinder. For a = 0-02, figure 15 shows that the calculated values are about
10%, lower than the experimental data, indicating that theory and measure-
ments do not agree for a* > 28, too. If the pressure gradient had been considered
the calculated profile would tend to even lower values.
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Ficure 11. Experimental results of Brighton for the inner zone: original (open symbols)
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It is supposed that the velocity profile of the inner zone of the flow through
concentric annuli not only is being affected by the pressure gradient and the
curvature of the wall but also, especially in the region near the zero-shear-stress
line, by the flow phenomena in the outer zone of the annulus.

4. Conclusions

In summary, it can be said that this investigation has confirmed some theo-
retical work in the literature with respect to the pressure-drop coefficients of
annuli and their dependence on the radius ratio. The non-coincidence between
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Ficure 13. Present experimental results and predictions of Eifler for the inner zone.
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zero shear stress and maximum velocity, which had been assumed and measured
in a few experiments, was clearly proved. Moreover, the experimental results
showed that the velocity and turbulence distributions are greatly disturbed by
the spacers or by the sag of the core rods and wires, respectively, in the case of
horizontal test sections. These disturbances affect in particular the position of
zero shear stress (or maximum velocity), which is most important for the
determination of the flow parameters.
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The new and more precise experimental results with respect to the position
of zero shear stress have established also the main cause of the great deviations
of the velocity profiles in the inner zone of annuli from the velocity profiles in
circular tubes. These deviations, especially in the experimental results by
Brighton, have met with general approval in the literature. The large number of
models developed to calculate the flow through annuli on the basis of Brighton’s
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results are not in agreement with reality. The theoretical analysis whose results
agree perhaps best with the experimental data proved to be the analysis by
Quarmby (19685); his calculations start from the circular-tube laws. Quarmby’s
results fit the experimental positions of zero shear stress quite well, especially
the dependence of this position on the Reynolds number. Moreover, the cal-
culated and experimental velocity profiles show optimum agreement.

At the sufficiently high Reynolds numbers assumed, the methods based on
the laws of the wall (Maubach 1970) and used to interpret measurements in
annuli (Maubach 1972) and rod bundles (Maubach & Rehme 1973) with artificial
surface roughnesses are sufficiently well suited for calculations of the flow
parameters in smooth annuli also. This is understandable, because the law of
the wall of Nikuradse stems from the fact that the influence of the Reynolds
number on the velocity profile is neglected, which results in a law for the velocity
distribution which is slightly on the crude side.

The theoretical models allowing for the deviations of the velocity profile
from the law of the wall, which were elaborated by fitting Brighton’s experi-
mental results to annuli, were used and are at present being used for other
geometries, especially for rod bundles. Calculations with these models result in
deviations of the pressure-drop coefficients. The consequences of the new results
have been discussed already for rod bundles in hexagonal (Rehme 19725) and
square arrays (Marek, Maubach & Rehme 1973).

The minor effect of geometry on the velocity profile, which was demonstrated
by this investigation, and therefore the rather good correlation of the velocity
profiles with the law of the wall of course are the reasons for the excellent agree-
ment between calculated and measured pressure-drop coefficients of turbulent
flow through different nou-circular channels (Rehme 1973).

The author wishes to express his gratitude to Mr E. Mensinger and Mr G.
Worner for their invaluable help with the construction of the test rig, the per-
formance of the experiments and the evaluation of the results.
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